The paper presents a subclass of the class of MD-algebras, i.e., solvable real Lie algebras such that K-orbits of corresponding connected and simply connected Lie groups are orbit of zero or maximal dimension. The main result of the paper is the classification up to an isomorphism of all 5-dimensional MD-algebras which have commutative derived ideal. 
Introduction
and MD , for which the group C*-algebras can be described by method of KK-functors. Let G be an n-dimensional real Lie group. It is called an MDn-group or MD-group of dimension n (in term of D. N. Diep) iff its orbits in the K-representation (K-orbits) are orbits of dimension zero or maximal dimension (i.e. dimension k, where k is some even constant, k ≤ n). When k = n, G is called an MDn-group or MD-group of dimension n. The corresponding Lie algebra Lie(G) of G is called an MDn-algebra or MDnalgebra, respectively. It is clear that the class MD is subclass of the class MD. Thus, the problem on classification and studying of K-representation and the C*-algebra of Lie groups MD and are interesting. Note that all Lie algebras and Lie groups of n dimension with n < 4 are MD-algebras and MDgroups, moreover they were listed easily. So we have to consider MDn-groups and MDn-algebras with n ≥ 4. In 1984, H. H.Viet ( [9] ) was classified all MD-algebras (of arbitrary dimension). Up to an isomorphism, this class contain only the following algerbras:
• R n -The commutative Lie Algebra of dimension n;
• Lie(AffR) -The Lie algebra of the group of affine traformations of the real straight line;
• Lie(AffC) -The Lie algebra of the group of affine traformations of the complex straight line.
H. H.Viet ( [9] ) also described C*-algebras of the universal covering of group AffC by the operator KK-functors. Thus, C*-algebras of all groups of the class MD were described (by D. N. Diep, J. Rosenberg and H. H. Viet).
How about the class MD? The same problem for the class MD-algebras is more complicated. In 1984, D.V. Tra ([11] ) was listed all MD4-algebras. In 1990, all MD4-algebras were classified up to an isomorphism by the author (see [12] , [13] , [14] ). Until now, no complete classification of MDn-algebras with n ≥ 5 is known.
In 2003, the author presented three examples of MD5 -algebras and MD5 -groups (see [15] ). In years from 2004 to 2006, the author and Nguyen Cong Tri, Duong Minh Thanh, Duong Quang Hoa introduced some different MD5 -algebras and MD5 -groups (see [16] , [17] , [18] , [19] , [20] ).
On the other hand, in 1982, studing foliated manifold, A. Connes([1] ) introduced the C*-algebras associated to a measured foliation. The question arises that can be described the Connes C*-algebras by KK-functors? By the paper [10] of A.M.Torpe in 1985, the method of KK-functors has been proved as very effective in describing the structure of Connes' C*-algebras of the Reeb foliations .
The other reason for interest in the class MD is the following fact: for every MD-group, the family of K-orbits of maximal dimension formes a measured foliation. These foliations are called MD-foliations associated to considered MD-group. Furthermore, the group C*-algebra of each MD-group can be described easily when the Connes' C*-algebra of MD-foliation associated to considered MD-group is known. So, the problem on classification and description of the Connes' C*-algebra of the class of MD-foliations are very interesting.
In 1992, the author gave the topological classification of all MD4-foliations and described all Connes' C*-algebras of them by KK-functors (see [12] , [13] , [14] ). Connes' C*-algebras of MDn-foliations with n > 4 have no described up to date. Following [9] , if G is an MD-algebra then the second derived ideal G] , [G, G] ] is commutative (the converse is not true).
Therefore, we need to consider only G for which G 2 is commutative. In particular, if G 2 = 0 (i.e. G 1 is commutative) then G could be an MDalgebra. So we shall restrict to that case. The main results of the paper is the classification up to an isomorphism of all MD5-algebras G with derived
The topology of MD5-foliations associated to considered MD5-groups and the description of Connes' C*-algebras of these foliations will be given in the next papers.
Preliminaries
At first, we recall in this section some preliminary results and notations which will be used later. For details we refer the reader to References [4] , [6] .
The co-adjoint Representation, K-orbits
Let G be a Lie group. G = Lie(G) is the Lie algebra of G and G * be the dual space of G. For each g ∈ G, we denote the internal automorphism associated to g by A (g) . So A (g) : G −→ G is defined as follows
This automorphism induces the following map
which is called the tangent map of A (g) .
Definition 1.1.1. The action
is called the adjoint representation of G in G. 
such that
is called the co-adjoint representation of G in G * .
Thus, for every F ∈ G * , the K-orbit containing F is defined as follows
The dimension of every K-orbit of an arbitrary Lie group G is always even. In order to define the dimension of the K-orbits Ω F for each F from the dual space G * of the Lie algebra G = Lie (G) of G, it is useful to consider the following skew-symmetric bilinear form
Denote the stabilizer of F under the co-adjoint representation of G in G * by G F and G F := Lie(G F ). We shall need in the sequel the following assertion. The following proposition give us one necessary condition in order that a Lie algebra belongs to the class of all MD-algebras.
Note that the converse of this statement in general is not hold. In other words, the above necessary condition is not sufficient one. In this paper, we shall only consider 5-dimensional Lie algebras G with the second derived ideal G 2 = {0}, i.e., the derived ideal G 1 is commutative. Then G could be an MD5-algebra.
The Main Result
From now on, G will denote an Lie algebra of dimension 5. We always choose a suitable basis (
vector space. The notation G * will mean the dual space of G. Clearly G * can be identified with R 5 by fixing in it the basis (X
where H is an MD4-algebra. 
II. Assume that G is indecomposable. Then we can choose a suitable basis
; the others Lie Brackets are trivial.
; the others Lie brackets are trivial.
3.7. G 5,3,7 :
G 5,4,3(λ)
:
G 5,4,4(λ)
: 
4.7. G 5,4,7(λ) :
4.8. 
4.12. G 5,4,12(λ,ϕ) :
4.13. G 5,4,13(λ,ϕ) :
4.14. G 5,4,14(λ,µ,ϕ) :
In order to prove Theorem 2.1 we need some lemmas.
Proof. Using the Jacobi identity for X, Y and an arbitrary element Z ∈ G 1 , we have Proof. Assume that Ω F is not a K-orbit of maximal dimension, i.e. dimΩ F = 0. This means that
and F is perfectly vanishing on G 1 . This contradicts the supposition of the lemma. Therefore Ω F is a K-orbit of maximal dimension.
Lemma 2.4. Let F be an arbitrary element of G
* . Then dimΩ F = rank(B), where B = (b ij ) 5 := ( F, [X j , X i ] ), 1 ≤ i, j ≤ 5
, is the matrix of the skewsymmetric bilinear form B F in the basis
Proof. Let U = aX 1 + bX 2 + cX 3 + dX 4 + eX 5 ∈ G. Then we have
Upon simple computation, we get
Lemma 2.5. If G is a real solvable Lie algebra of dimension 5 with the first derived ideal
Proof. Let G is a real solvable Lie algebra of dimension 5 such that G 1 is the commutative Lie algebra of dimension 4. Without loss of generality, we assume that
Let F = αX 1 * +βX 2 * +γX 3 * +δX 4 * +σX 5 * ≡ (α, β, γ, δ, σ) be an arbitrary element from G * ≡ R 5 ; α, β, γ, δ, σ ∈ R. Upon simple computation, we get the matrix B of the bilinear form B F in the basis (X 1 , X 2 , X 3 , X 4 , X 5 ) of G as follows
It is clear that rank(B) ∈ {0, 2}. Hence, according to Lemma 2.4, Ω F is the orbit of dimension 0 or 2, i.e. G is an MD5-algebra.
We are now in a position to prove the main theorem of the paper.
Proof of Theorem 2.1.
Firstly, It is clear that Assertion I of Theorem 2.1 is obvious. We have only to prove Assertion II. Assume that G is an indecomposable MD5-algebra with the basis (X 1 , X 2 , X 3 , X 4 , X 5 ) and the first derived ideal G 1 is commutative. 
Using the Jacobi identity we get c ij = 0 for all i, j, 1 ≤ i < j ≤ 3. But this shows that G is decomposable, a contradiction. Hence this case cannot happen.
1.2.
Assume that [X i , X 5 ] = 0 for all i = 1, 2, 3, 4. Then, there exists [X i , X j ] = c ij X 5 , c ij = 0 for some i, j ∈ {1, 2, 3, 4}, i = j. By an argument to the one in Case 1.1, we can suppose right from the
Without loss of generality, we can always assume that
If there exists ad X i = 0 then G is decomposable, a contradiction. Hence, ad X i = 0, i = 1, 2, 3. We will show that it can always change basis to have ad
Hence, we can suppose right from the start that ad
According to Lemma 2.3,
= 0, a contradiction. When d 3 = 0, by the same way we also get the similar contradiction. Finaly, assume a 3 = d 3 = 0, b 
= 0, a contradiction. Hence, Case 2.1 cannot happen.
Assume that there exists [X
It is clear that
, so the rank of
} is 2 and without restriction of generality, we can assume that
By changing basis as follows
Hence, we can assume right from the start that [
Rechange basis as follows
Thus, we always can assume from the outset that
Therefore G ∼ = G 5,2,1 .
2.3.
Assume that there exists [X i , X j ] = 0 and ad
Without restriction of generality in assuming ad X 3 = 0.
We always change basis of G 1 such that ad X 3 is the one of the following matrix
2.3a. Assume ad X 3 = 0 0 1 0 . By an argument analogous to that used in Subsection 2.2, we get ad X 1 = ad X 2 = 0. Using the Jacobi identity we get [
So we always can assume from the outset that [X i , X 3 ] = a i X 4 ; i = 1, 2, a 1 2 +a 2 2 = 0. Without restriction of generality,
we can assume that a 2 = 0. Rechange basis as follows
posable, a contradiction. Hence, a = 0. In the same way, we get
By the similar argument,
Using Lemmas 2.2, 2.3, direct computation shows that G 5,2,3 is rejected because it is not an MD5-algebra.
2.3c
. By an argument analogous to that used above, we can be verified that the remained cases when
will be rejected.
3. G 1 is dimension 3. We can always change basis to have
It is obvious that ad X 1 and ad X 2 cannot be concurrently the trivial operator because
There is no loss of generality in assuming ad X 2 = 0. By changing basis, if necessary, we get the similar classification of ad X 2 as follows
Assume that [X 1 , X 2 ] = mX 3 + nX 4 + pX 5 ; m, n, p ∈ R. We can always change basis to have [X 1 , X 2 ] = mX 3 . Indeed, if
For the other values of ad X 2 , we also change basis in the same way. Hence, without restriction of generality, we can assume right from the start that [X 1 , X 2 ] = mX 3 , m ∈ R.
There are three cases which contradict each other as follows.
3.1.
[X 1 , X 2 ] = 0 ( i.e. m = 0 ) and ad X 1 = 0. Then G = H ⊕ R.X 1 , where H is the subalgebra of G generated by {X 2 , X 3 , X 4 , X 5 }, i.e. G is decomposable. Hence, this case is rejected.
3.2.
[X 1 , X 2 ] = 0 and ad X 1 = 0. Using Lemmas 2.2, 2.3, direct computation shows that G will be not an MD5-algebra in Case 3.2a . It follows that this case is rejected.
3.2b. In exactly the same way, but replacing the considered value of ad X 2 with the others, we can be seen that Case 3.2 cannot happen anyway. By an argument similar to the one in Case 3.2a, we get again a contradiction if ad X 1 = 0. In other words, ad X 1 = 0. Therefore, in the dependence on the value of ad X 2 , G will be isomorphic to one of algebras G 5,3,1(λ 1 ,λ 2 ) , (λ 1 , λ 2 ∈ R\{0, 1}, λ 1 = λ 2 = 0); G 5,3,2(λ) , (λ ∈ R \ {0, 1}); G 5,3,3(λ) , (λ ∈ R \ {1}); G 5,3,4 ; G 5,3,5(λ) , (λ ∈
